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Abstract 

The focus of this paper is the comparison of two unstable homotopy 
spectral sequences — the unstable mod-p Adams spectral sequence that 
computes the unstable homotopy of a p-complete space, and the Goerss- 
Hopkins spectral sequence, which computes the unstable homotopy of the 
space of Eoo maps between _ffFp-algebras. Using an adjunction between 
p-complete nilpotent spaces and iJFp-algebras, this paper shows that the 
unit of this adjunction provides an isomorphism between these spectral 
sequences. 

1 Introduction 

Let Mods denote the category of spectra with model structure that of 5- modules 
described in |15j . where S denotes the sphere spectrum, either as a symmetric 
spectrum, or as in [J. Write Algg for the category of commutative S'-algebras, 
modeling i?oo-ring spectra. In particular, we will fix an Eoo operad ^, and 
consider ^-algebra in spectra. Similarly, given an S'-algebra R, we may con- 
sider the categories of spectra Modu and Alg^j. By Alg^ we will always mean 
commutative i?-algebras, the category of 5-algebras under R. Let H¥p denote 
the Eilenberg-Maclane spectrum whose homotopy Tr^,H¥p = Fp for * = and 
is otherwise. In particular, we are interested in the category Alg^|r of com- 
mutative TJFp-algebras, where p is a prime. 

In the unstable world, we are interested in p-complete spaces. There are 
two common definitions for the p-completion of a space. One being the H¥p 
localization of the space, and the other being the Bousfield-Kan p-completion. 
In general, these do not agree. However, for a nilpotent space A, both notions 
of p-completion coincide [51 Proposition V.4.2]. A space A is nilpotent if ttiA 
is nilpotent and acts nilpotently on the higher homotopy groups 7r„A for n > 1. 
We restrict our attention to nilpotent spaces throughout this exposition. 
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The p-completion of a space X is the homotopy inverse limit of the diagram 

of spaces: ^ 

FpW^Fp(Fp(X))^.-- . 

The maps in this cosimphcial diagram are discussed in Section 14.11 

Let 5^ denote the category of (unpointed) simphcial sets. Note that all 
constructions carried out in this paper have analogs when considering ^ to 
be the category of weak Hausdorff topological spaces. We take the model of 
simplicial sets in order to make certain constructions more transparent. The 
author uses the convention of referring to simplicial sets as spaces. Recall that 
there is a functor (— )+ from unpointed to pointed spaces given by adding a 
disjoint basepoint, which is left adjoint to the forgetful functor. Let denote 
the category of p-complete, nilpotent spaces. 

Note that Alg^p is enriched over spaces. And the model category structure 

satisfies Quillen's corner axiom. Thus given any two i?Fp-algebras A and B, 
referring to the derived mapping space Alg^^-^^ {A, B) makes sense. In this paper 
we follow the convention that given any category '-^ enriched in spaces, '^{A, B) 
denotes the derived mapping space, while 7ro^(A, B) denotes the underlying set 
of morphisms in 

Consider the functor from 5^ to Alg^jp; discussed in [TBI Appendix C] : 

F:^^Alg^j^, 

This is a functor of simplicial categories. In [16], M. Mandell proves that F 
induces an equivalence onto its image when restricted to the subcategory of 
p-complete, nilpotent spaces. In particular, the homotopy inverse of F is given 
by the right adjoint 

G ■■ Aig^F^ - sr, 

Ak. Alg^P^(A,77Fp). 

Thus, given a nilpotent space, the composite ijj := G o F : S/^ ^ ,9^ induces an 
ffFp-localization: 

More is true. Applying the functor -ffF^ to an unstable map of sim- 

plicial sets gives rise to a map of i?Fp-algebras. Thus given a mapping space 
,'^{Y,X), there is an induced functor to the mapping space of TJFp-algebras. 
The theorem as proved by M. Mandell in [16] can be rewritten in the language 
of iJFp-algebras as the following: 
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Theorem 1.1 Let X and Y be nilpotent and of finite type. Then the 

map 

i, : .^{Y,XHr,) ^ A\gj,^JH¥^°°''\H¥^^''^) (1) 
is a weak equivalence. 

The unstable homotopy groups of a (p-complete) space X can be computed 
using the unstable Adams spectral sequence. The homotopy groups of the space 
of TJFp-algebra maps can be computed using a Goerss-Hopkins spectral se- 
quence. The main question we set out to answer is whether or not induces 
an isomorphism between these two spectral sequences. The answer is yes and 
is the main application of the main theorem in this paper. 

The goal of this exposition is to prove a general theorem and arrive at the 
isomorphism of the two unstable spectral sequences as a corollary. There is a 
canonical simplicial resolution P{F{'S,°°X+, H¥p)), given by the cofibrant re- 
placement of the constant simplicial object in the E2 model category structure 
on simplicial i/Fp-algebras. The cosimplicial space ¥*{X) is obtained by itera- 
tively applying a the monad Fp sending X to the underlying simplicial set on 
the free simplicial Fp-algebra on X. Let 1" be a space and consider the diagram 
of cosimplicial spaces: 

^{Y,¥;X) , diagAlg^j^(P(F(I]-F;X+, HF^°° ifFp) 



Alg^j^(P(F(E-X+, i/Fp))., OTp 

The main theorem is that both maps are equivalences when X and Y are of 
finite type. In particular, this theorem offers another proof of Theorem ll.ll upon 
totalization of this cosimplicial diagram. It should be pointed out that although 
this proof is different, the main computation used in proving the main theorem 
is the same as in M. Mandell's original proof. The corollary exhibits an iso- 
morphism between the E2 terms of the unstable _ffFp- Adams spectral sequence 
and the Goerss-Hopkins spectral sequence when conditions of the theorem are 
satisfied. 

In Section[2]we define two categories of unstable algebras, over the Steenrod 
algebra and the E^o Steenrod algebra. We define Andre-Quillen cohomology 
theories in these categories. The purpose of Section [3] is a natural isomor- 
phism between the derived functors of derivations of unstable Fp-algebras over 
the Eao Steenrod algebra with the derived functors of derivations of unstable 
algebras over the Steenrod algebra when the algebras in question have a partic- 
ular form. This isomorphism is the main tool we use to identify the unstable 
Adams spectral sequence with the Goerss-Hopkins spectral sequence from the 
ii'2-term onward. In Section [4] we recall the unstable Adams spectral sequence 
and the identification of its E2 term as an Andre-Quillen cohomology group of 
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unstable algebras over the mod-p Steenrod algebra. In Section [S] we recall the 
Goerss-Hopkins spectral sequence and identify its E2 term algebraically as the 
Andre-Quillen cohomology of unstable algebras over the Eoo Steenrod algebra. 
In Section [S] we begin to analyze a map between two spectral sequences induced 
by applying the map tp from Theorem 11.11 to the standard cosimplicial resolu- 
tion of a space X constructed in Section 21 The work in this section proves 
that TT^TTt of the image under application of the map to the Bousfield-Kan 
cosimplicial Fp resolution of a space X can in fact be identified as the E2 term 
of the Goerss-Hopkins spectral sequence. The cosimplicial space we obtain via 
applying ?/; to this canonical resolution is the derived mapping space out of a 
simplicial i/Fp-algebra. This simplicial ffFp-algebra can be expressed levelwise 
as the homotopy cofiber of free algebras over the commutative operad. Forming 
a bisimplicial object interpolating between the simplicial object we obtain via 
tjj and a cofibrant object in the model structure used to construct the Goerss- 
Hopkins spectral sequence, we obtain a collapsing spectral sequence, which gives 
a levelwise weak equivalence of cosimplicial spaces. This allows us to identify 
the image of with the E2 term of the Goerss-Hopkins spectral sequence, and 
show that ■0 induces an isomorphism of spectral sequences from the E2 term 
onward. 

I would like to thank my advisor Mark Behrens. I am indebted to his many 
helpful conversations, guidance through the literature, and careful editing of this 
document. I would also like to thank the referee for many helpful comments 
and suggestions for improving this paper. 

2 Unstable algebras over £/ and ^ 

The two spectral sequences we wish to compare have E2 terms that can be 
identified as certain Andre-Quillen cohomology groups. When restricted to 
spaces of finite type, the ii^2-term of the unstable Adams spectral sequence can 
be identified as derived functors of derivations of unstable algebras over the 
Steenrod algebra £/. The ii^2-term of the Goerss-Hopkins spectral sequence is 
naturally identified as derived functors of derivations of unstable algebras over 
the Eoo Steenrod algebra ^ over Fp. 

The goal of this section is to describe these categories of unstable algebras 
and Andre-Quillen cohomology in these categories. This sets up the necessary 
background for Section [3] where we give a descent condition relating the Andre- 
Quillen cohomology theories over these categories. 

2.1 The Steenrod algebra 

Let £/ denote the Steenrod algebra over Fp. We recover £/ as the ring H¥*H¥p 
of H¥p cohomology operations. Recall that at an odd prime p, the ring £/ over 
Fp is the quotient of the free Fp algebra generated by and /3P', for i any 
non-negative integer, modulo the ideal generated by the Adem relations. At the 
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prime 2 we write as the quotient of F2[S'g°, Sc^ , . . . ] by the ideal generated 
by the Adem relations [19] . 

There is a basis for si given by admissible monomials. Let the symbols 
ek e {0, 1}. A sequence / = (eo,»o, ■ ■ • is admissible if ik-i < pik + Cfc. 

The Fp-module basis for s/ is given by {P^ : /admissible}, where P'^* denotes 

An ^-module is a Fp vector space M with an action of s/. Define the excess 
of a monomial / to be 

n 

e(/)=n + -^ifc p = 2 

n 

e(/)=2n+ei-^(2(p-l)2fe + efe) p ^ 2. 

k=2 

Then M is an unstable -module if for all x in M, P'{x) = whenever e(/) > 
\x\. There is a Quillen pair of adjoint functors from graded Fp vector spaces 
grModFp to unstable s/ modules Modfy^^ 

^0 : grModp, -> » Mody^ : U 

where U simply forgets the unstable ^-module structure, and the left adjoint 
^0 is the free functor. We can define explicitly by choosing an Fp basis 
{xj}j£j of our vector space M. Then ^q{M) is the unstable s/ module with 
Fp-module basis given by {P^Xj : j £ J, /admissible}. The main example of an 
unstable ^-module appearing in nature is the homotopy groups of the //Fp- 
module //Fp), where v4 is a -1-connected spectrum. 

An unstable ^ -module B is an unstable si -algebra if is a ring, and satisfies 
the instability condition P^x = x^ whenever i = \x\. That is, acts as the 
frobenius on the ith graded piece of B. The natural example of an unstable 
j2/-algebras is H¥p cohomology ring of a space X . 

There is a Quillen pair of adjoint functors from unstable ^-modules to 
unstable algebras: 

Ea : Mod[/^ Mgjj^^ : U, 

where the right adjoint U is the forgetful functor, and the left adjoint Eq takes 
the free commutative algebra on a module M and identifies P*m with mP when- 
ever the degree of m is «. 

Use the composition of left Quillen functors to define a model category struc- 
ture on the category of simplicial unstable JzZ-algebras so that the cofibrant 
objects are given by simplicial unstable jzZ-algebras that are levelwise free. 

Lemma 2.1. Suppose we have unstable s/ -algebras and B^, a map if : A^, ^ 

P, , and an unstable s/ -module, A/», that is also B^-module. If s/ acts trivially 
on A/,, then P, x A/, is naturally an unstable £/ -algebra over P». There is an 
isomorphism 
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where Derf/^/s^ is defined to be ¥p- linear derivations relative to that com- 
mute with £/. 

Proof. First, kM* is an unstable algebra with action P*(6, m) = {P^b, P^m) = 
(P*6, 0). Multiplication is given by 

(6, m) ® (6', m') (66', 6 (Xi m' + 6' (X) m) . 

A map / in Algjy^^^^ (^4*, k M*) is a pair of maps / = (t^, g) such that 

/(aa') = {ip{aa'),ip{a)g{a') + ip{a')g{a)), 

commuting with the action of s^. In particular, P'/ = (P^(p,g). The map 
g : A^, ^ M^, is a derivation with trivial P*. This follows from the definition of 
the multiplication in i3* ik M* 

5((aa') = ip{a)g{a') + ip{a')g{a), 



and the fact that £/ acts trivially on M*. 

Now, given a derivation d : A* ^ M« commuting with it is clear that 
the map 




P* 



is a map of unstable ,^-algebras over P,: 

ab {(p{ab), ip{a)d{b) + ip{b)d{a)) 

P\ab) ^ (<^(P''(a6)),I],,,+,;,=,(P^V(«)^''^rfW + 

^ i^iP''iab)),^{F'a)dib)+^iP'b)d{a)). 

□ 

Thus the derived functors of derivations are computed by taking a cofibrant 
replacement for A* in the category of simplicial unstable ^-algebras. Such a 
cofibrant replacement is a free unstable jzZ-algebra resolution P(A*), A*. 
Define the Andre-Quillen cohomology as: 

K^/B, M,) ■■= TT*-Devu^/B, {F{A,).,M,). (2) 
2.2 The Eoo Steenrod algebra 

Let ^ denote the Eoo Steenrod algebra over Fp. Recall that at an odd prime p, 
the ring over Fp is the quotient of the free Fp algebra generated by P* and 
/3P' for i any integer modulo the ideal generated by the Adem relations. At the 
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prime 2 we write SS as the quotient of F2[. . . , Sq~^ , Sq°, Sq^, . . .] modulo the 
ideal generated by the Adem relations [16]. 

A sequence / = (ei, si, €2, S2, ■ • • , Cfc, Sk) is called admissible if Sj_i < psj+ej. 
There is an additive basis for ^ given by {P^ : I — {iq, eo, ii,ei, - ■ ■ )admissible}. 
Recall that ^ is a graded ring with |P*| = 2i{p — 1) and Bockstein = 1. 

Given an admissible sequence /, let 

k 

e{T) =si H — ^ Sj p = 2 

k 

e{I) =2si + ei - ^(2(p - 1)5, + e,) p ^ 2 

denote the excess of /. We say that a module M over ^ is unstable if for all 
X in M, the formula [x) = whenever e(/) > |a;|. There is a Quillen pair of 
adjoint functors from graded Fp vector spaces grModf^ to unstable ^ modules 
Modusg 

^ : grModFp ( > Mod[/^ : C/ 

where V simply forgets the unstable ^-module structure, and the left adjoint 
■^0 is the free functor. We can define ^ explicitly by choosing an Fp basis 
{ajjijgj of our vector space M. Then J?(Af) is the unstable SS module with 
Fp-module basis given by {P^xj : j G J, /admissible}. The main example of 
an unstable i^-module appearing in nature is the homotopy groups of a (non- 
connective) iJFp-module. 

An unstable module is an unstable algebra if the algebra map is a map of 
unstable i^-modules, and P^x = x^ whenever i = \x\. 

Let A be an unstable c^-algebra. An unstable ^ module M is an A-module 
if there is .^-module map M ^ AI so that the induced action satisfies the 
Cartan relation 

P\am) = i:,„+,,^,P'°aP''m 

where a G A and m e M. Observe that the instability condition assures that 
this sum is finite. 

Every unstable i^-module is naturally a graded restricted Fp-module — a 
graded Fp-module with a restriction map $ : M^, — > Mp^ that multiplies degree 
by p. In the case that the restricted module comes from an unstable .^-module, 
at odd primes p, the restriction map is given by P™ : — > Mp^ in even 
degrees, and is identically zero on odd degrees. There is a Quillen pair of 
functors from unstable .^-modules to unstable ^-algebras 

E : Modu.ig Algusg : U. (3) 

The left adjoint E is given by the enveloping algebra functor on the underlying 
graded restricted Fp-module. This has the eflFect of equating the restriction map 
with the frobenius. The right adjoint is the forgetful functor. 
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2.3 Relations between and 



Lemma 2.2 ([16, Proposition 12.5]). For any graded Fp vector space V , there 
is a natural short exact sequence of ^-modules: 

> ^{V) ^— ^ ^{V) .^oiV) > 0, 

which is split exact on the underlying graded restricted ¥p-modules. 

Note that in particular, this Lemma says that we can recover the Steenrod 
algebra jz/ from ^ by taking the quotient of 3i by the left ideal (which is 
incidentally a two-sided ideal) generated by (1 — P*^) [El Proposition 11.4]. 
Thus we can view an unstable ^/-module as an unstable ^-module via the 
quotient map. 

Recall that the homotopy groups of any i/Fp-algebra naturally form an 
unstable ^-algebra. But in the case that the ifFp-algebra is free over ff, the 
homotopy groups naturally form a free unstable ^-algebra. 

Lemma 2.3. If Z is an H¥p-module, then 

Tr,ff{Z) ^ E^{tt^Z). 

The proof in the case of the Steenrod algebra can be found in [19J or in the 
case of the Dyer-Lashoff algebra in 6, Theorem IX. 2.1]. The proof for the Eoo 
Steenrod algebra follows from these proofs. 

Applying the previous two lemmas, we find that T:,,ffHFp^ = E,^{¥p[—n] © 
Fp[0]). Since we know that H¥pK{¥p,n) is the free unstable £/ algebra on a 
generator of cohomological degree n, the we find the following natural extension 
of Lemma 12.21 

Lemma 2.4. The map 

1-P° : £;^(Fp[-n]) -> £;^(Fp[-n]) 

is injective and the target is a projective module over the source via this map. 
Moreover, there is a pushout diagram in the category of unstable -SS-algebras: 

E^{¥p[-n]) E^{¥p[~n]) 



Fp > E.^o[^p[-n]). 

Proof of this Lemma can be found in [16j . It is important to note that 
EJ^o{V) = Eq,^q{V) since by definition the Dyer-Lashoff operations in 3§ act 
trivially on ^o{V). 

In fact, even more is true. Let Fp[— ti] denote the graded Fp— module with 
one Fp in cohomological degree n. Then we use notation from |16j and denote 
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^(Fp[— rt]), the free ^—module on a generator in degree n, as As an 

example, the enveloping algebra on a free unstable .5^— module is given by 
the free commutative algebra on the symbols {P^in ■ e(/) < n} and P"i„ = i^, 
where i„ denotes the generator of as a free module. 

We have a left Quillen functor from graded Fp-modules to unstable ^- 
modules. By [T71 Theorem II. 4. 4], there is a model category structure on sim- 
plicial unstable modules such that the fibrations and weak equivalences are 
the maps that are fibrations and weak equivalences on the underlying simpli- 
cial graded ¥p modules. Consider the pushout diagram in chain complexes of 
unstable ^-modules: 



s-a, 

where is the chain complex of unstable ,;^-niodules given by 

a = ...o->^"[i] ^^"[0]. 

Considering the image under the Dold-Kan correspondence, we obtain the sim- 
plicial unstable ,;^-module T, as the homotopy pushout of simplicial unstable 
^-modules: 



(4) 



>T,. 

Proposition 2.5. There is a cofibrant simplicial resolution of tt^^HW^'^^'""'^* 
by free unstable SS-algebras given by applying E homotopy pushout T, of the 
diagram 

ET, vr^iJF^^ 

Proof. There is an augmentation map T, JF{¥p[~n]), which is a weak equiv- 
alence of simplicial .5^-algebras by viewing ^(Fp[— n]) as a constant simplicial 
object. Then E{T,) is the bar construction on the map: 

E{1 - P") : E.^{¥p[-n]) E^{¥p[~n]). 

Thus the homotopy groups of ET, are given by 

TT^ET. = Toif'^^^-^-"^\¥p,E^{¥p[-n])). 

Since E^{¥p[—n]) is projective as a E,^{¥p[—n]) module via the module map 
E{1 — P'^) by Proposition 12. 4i the higher homotopy groups vanish. Thus 

TT^ET, = E^" (i)E»^ ¥p. 

But we already know from [16 that this right hand side is H¥*pK{¥p, n), which 
is what we wanted to show. □ 
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2.4 Unstable ^-algebras. 

Now we extend the discussion above to include i7Fp-algebras and unstable ^- 
algebras over ¥p, which we will denote as ^-algebras. This is the context 
which is important for identifying the E2 term of the Goerss-Hopkins spectral 
sequence. 

Let f : ¥p ^ ¥p denote the frobenius map on ¥p. Note that this map is 
injective and/ is the generator of the Galois group of ¥p over ¥p. An unstable 
^-algebra over ¥p is an unstable algebra A, whose underlying graded vector 
space is an Fp-module. Given any a A and any A G Fp, the action of an 
element is defined as: 

P\Xa) ■.= f{\)P'a. 

In particular, P° acts as the frobenius on Fp. An example of unstable ^-algebras 
over Fp is the homotopy groups of an iJFp-algebra. We denote the category of 
unstable ^-algebras as Klg^j-^. 

Lemma 2.6. IJ Z is an H¥p-module, then 

Tr,ff{Z) 9^ £;(^(7r*Z)), 

is a free unstable d§-algebra over Fp. 

We have the following diagram of Quillen adjunctions, where only the left 
adjoints are labeled: 



Alg 



urn 



use 



c;rModFp ( > S'^Modf^ 

Write _ 

E := E{-)®v¥p : Mod[/« ^ Alg^^ 

for the free functor from unstable ^-modules to unstable 
This is a left Quillen adjoint to the forgetful functor. 



-algebras over Fp. 



Lemma |2. 61 above shows that the operad & in Modji^jp; is adapted to tt, as in 
[TTl Definition 1.4.13]. By 11, Example 1.4.14] this means that ^ is simplicially 
adapted to 7r». Thus, given Z,, a cofibrant simplicial _ff Fp-module, there is an 
isomorphism of simplicial unstable ^-algebras over Fp 



Tr,ff{Z,)^ E^iir.Z,). (5) 

We record here an extension of Lemma l2.4l to finite type complexes extended 
over Fp. This Proposition will be crucial in constructing the map of spectral 
sequences. 
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Proposition 2.7. For every gradedWp vector space of finite type, 

E{1 - : E{,^{V)) E{.^{V)) 

is injective, and E{^(V)) is projective as a module over itself via E(l — P*^). 
Moreover, there is a pushout diagram in the category of unstable S8-algebras 
over Fp. 

E{.^{V))^^-^E{.^{V)) 



Fp >E^o{V) 

Proof. The proof follows from Lemma and Lemma □ 

We also extend Proposition 12.51 to spaces of finite type. This resolution 
will be key in order to compute the E2 term of the Goerss-Hopkins spectral 
sequence. 

Proposition 2.8. Let V be an Fp vector space. Then viewing ^{V), as a 
constant simplicial object, let T, denote the homotopy cofiber 

.^{V),^^.^{V). >T.. 

Then 

E{T,) >E.^o{V) 

is a resolution of H¥pJ^Q{W) by a simplicial free ^-algebra overFp. 

Proof. The proof is immediate as i? is a left Quillen functor, and is completely 
analogous to the proof of Proposition [221 □ 

2.5 Derivations of unstable ^-algebras. 

Lemma 2.9. Given unstable 3§ -algebras A* and B^, a map ip : ^ Bit, 
and an unstable -module, Af*, that is also B^ -module. If the cohomological 
Steenrod operations act trivially on M^, then B^, K is naturally an unstable 
^-algebra over B^. There is an isomorphism 

^^SumNM*^B* ^ ^ Dery^/^JA,,M,), 

where Dbtjj-^ is defined to be Fp- linear derivations relative to B* that commute 
with SS. 

Proof. A map / in Alg^^j^^ {A^,B^ x Af*) is a pair of maps / = ((yS, 5) such 
that 

f{aa!) = (<y9(aa'), '4){a)g{a!) + ip[a!)g{a)). 
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Moreover, as this is a map of unstable .^-algebras, it commutes with the action 
of S^. The map g : A^, ^ is a derivation commuting with the P'. This 
follows from the string of equalities: 

= P\g{aa')). 

Now, given a derivation d : ^ M* commuting with it is clear that the 
map 




P* 

is a map of unstable ^-algebras over P*. □ 

The derived functors of derivations are computed by taking a cofibrant re- 
placement for A* in the category of simplicial unstable ^-algebras over Fp. Such 
a cofibrant replacement is a free unstable ^-algebra resolution P(A*), A^,. 
Define the Andre-Quillen cohomology as: 

K^/bS"^*^^^*) ■■= ^*Der^S/^jP(A,).,MO. (6) 



3 A descent theorem. 

Proposition 3.1. Let V be a graded ¥p-vector space. Let M be an E^o{V)- 
module in the category of unstable S§-algebras over ¥p. Let E^{V) be aug- 
mented over the U ^-algebra A. Then there is a long exact sequence in Andre- 
Quillen cohomology: 

Proof. Proposition 12.81 gives a homotopy cofiber sequence of simplicial unstable 
^-algebras: 

E.^{V) E.^{V) ET, (7) 

where the first two simplicial objects are constant. Combining this with Propo- 
sition [2171 which says that ET, is a cofibrant simplicial resolution of EJ^o{V) 
and the fact that the two free constant simplicial objects are already cofibrant, 
the result is immediate. □ 
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Of course, since EJF{V) is already cofibrant, this implies that the higher 
cohomology vanishes. Thus this long exact sequences reduces to the exact se- 
quence 

KlS/A (^^0 (V), M) ^ {E^ (V) , M) (8) 

- Dl^^^{E,^^{V),M) 0. (9) 

Theorem 3.2. Let Vq &e a graded ¥p-module, and suppose E^q{Vo) is aug- 
mented over the unstable £/ -algebra Aq. Write A := Fp ®Fp ^o- ^ei Mq be an 
E.^q{Vo) -module in the category of unstable £/ -algebras. Define V — ¥p Vq 
and M = Fp Mq. 

2. There is a natural isomorphism 

Dtri^/Ai^^o{V),M) = Dlj^/^^{E^,iVo),Mo). 

Proof. Note that E,^{Vq) = E^{V), which is augmented over the unstable 
^-algebra A. We compute D'^-g^^{E^{V), M) directly in order to determine 

the effect of the map i?(l — P'') in the short exact sequence. The computation 
shows: 

= A\g^^^^{E^{V),AKM) 

= 9rMod^^^jV,A^M) 

^ 5rModp^^^(Fp Vo, A k (Fp Mo)) 

^ grUodp^lAoiVoJp <8)f, {Aq k Mq)). 

The endomorphism in the short exact sequence ^ is induced by the map I — Pq, 
which zero except on Fp, where P° acts as the frobenius. Note that 1 — P° is 
surjective on Fp as it is the generator of the Galois group of Fp over Fp. Thus 
the kernel of the map on Fp is Fp, and the cokernel is zero. 
The map being surjective shows that 

K^/E^o(v)(^'^o{V),M) = Coker(i?(l - P')) = 0. 

The kernel being Fp gives rise to the following identifications: 

^[^Wo(v)(^^o(^)'^'^) = Kcr(i?(l - F")) 

^ grUodv^lAoiVo^Ao k Mq) 
= Algu^^AoiE-^oVo,AKMo) 

which is the second point. □ 



13 



4 The unstable Adams spectral sequence 



The unstable H¥p based Adams spectral sequence abuts to the unstable homo- 
topy groups of a space localized with respect to the ring spectrum H¥p. The 
following description comes out [4J , which is described in terms of simplicial sets 
and is sufficient for our purposes here. For analogous constructions defined for 
more general cohomology theories and on the category of spaces rather than 
simplicial sets, see Tl. These should be considered the references for details on 
the construction and convergence of the unstable Adams spectral sequence. 

Fix a simplicial set X. Note that there is an adjunction between simplicial 
sets and simplicial Fp-algebras: 

F : Sr ( > sAlgF^ : V. 

The right adjoint U is the forgetful functor. The left adjoint F is the free 
functor sending X ^^iX) to the free Fp-algebra on the simplicial set X. The 
composition J7 o _F is a monad on 3" and we are interested in the cosimplicial 
space constructed with this monad. There are two coface maps 

Fp(X)=^Fp(Fp(X)) 

given by i^(Fp(— )) and Fp(i^(— )) respectively. There is one codegeneracy map 

Fp(X)< Fp(Fp(X)) 

given by the algebra multiplication of Fp with itself. Thus iterating this process, 
we obtain a cosimplicial space that we denote F*+^(X) where • = 0, 1, . . . , and 
F™(X) denotes the m fold composition of the monad U o F. In particular, 
viewing X as the constant cosimplicial object, we obtain a cosimplicial map 

X^¥'p+\X) (10) 

whose totalization is the Bousfield~Kan p-completion. When X is nilpotent, 
as we suppose, this is equivalent to the iJFp-localization. Thus if we have 
a mapping space £^{Y,X) of nilpotent spaces, we obtain a cosimphcial space 
^(r,F;+i(X)) whose totalization is £r(Y,XHWp)- 

Theorem 4.1. There is a Bousfield-Kan spectral sequence abutting to the un- 
stable homotopy groups t:^,'^{Y, XnFp) whose E2 term is given by: 

Convergence of this fringed spectral sequence is a delicate issue. For proof 
of this theorem and conditions for convergence, see [4]. It is interesting to note 
that to guarantee convergence of this spectral sequence, one need only suppose 
a space is p-complete and nilpotent [TS] . 
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4.1 Identification of E2 term 

We are interested in identifying the E2 term in the case that X and Y are of 
finite type. The reason we wish to suppose this is that it aUows us to describe 
the E2 term of the spectral sequence in terms of the cohomology of X and Y 
rather than the homology. Throughout this section, we suppose that X and Y 
are of finite type. These conditions are also necessary for the proof of the main 
theorem, thus nothing is lost in supposing them here. 

Recall the Steenrod algebra as £/. Let Alg^^ denote the category of unsta- 
ble ^-algebras. There is an adjoint pair of functors: 

^0 : grModr^ 1 > [/^ ; [/ (11) 

Here ^0 is the free unstable algebra functor described in [TH] . 
We can identify 7r*Fp(X) = iJF*X, and furthermore 

Lemma 4.2. When X is of finite type, there is an isomorphism of unstable 
si -algebras: 

H¥;¥p{X)9^^oiH¥;X). 

Proof follows from a colimit argument applied to the case that X is a sphere. 
In this case the lemma says that the cohomology H¥*K{¥p,n) is a the free 
unstable ^-algebra on a single generator in degree n. 

Let / £ Tro^{Y, X) be a basepoint for 3^{Y,X). Then consider 

7rt.^iY,X)^TTo.^iS' AY,X). 

There is a Hurewitcz-type homomorphism to the category of unstable algebras 
over the Steenrod algebra s/ : 

7ro^(5* A y, X) -^llomu^{H¥;X, H¥;{S' A Y)). (12) 

Note that the map ((T2|) is an isomorphism if X is of the form ¥p{X). Thus we 
have an identification of the E2 term of our spectral sequence: 

^^^t^(r,F;+i) - n^TTo^iS' AY,¥;+\X)) 

^ 7rmomu.s^iH¥;¥;+\X),H¥;S' A Y). 

Since H¥*¥'p+^{X) ^ ,^oH¥*¥l{X) is a simphcial resolution of H¥*X by free 
/7^-algebras, we can identify 7r''llomu^{H¥*¥l+^{X), H¥*S* A Y) as 

Extfj^ {H¥;X, H¥pl'Y) t > 0, s > 1 
Homc/^(iJF;X, H¥IY) (s, t) - (0, 0). 

See [5] for a discussion of this identification. When t > 0, we can further identify 

Ext^^(iJF;X,i?F;E*y) = D^^^,H^,^y{H¥;xMH¥;Y) 
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where (— , — ) is an Andre-Quillen type cohomology theory denot- 

ing the derived functors of derivations of unstable jzZ-algebras augmented over 
H¥*Y. Note that we are using the fact that Steenrod operations act trivially 
on the cohomology of suspension spaces. Observe that H¥*X maps to H¥*Y 
via the basepoint map H¥*f. Note that fi* refers to a cohomological degree 
shift. 

5 The Goerss— Hopkins spectral sequence 

The Goerss-Hopkins spectral sequence is a spectral sequence that computes the 
homotopy groups of a space of maps between i?oo- algebras. In its most general 
form, we fix an §-algebra A. Let E be an ^-algebra such that tt^{E Aa E) is flat 
over 7r*i?. Given A-algebras Af, N and a map of algebras <j> : M ^ N giving N 
the structure of an A/-module, the Goerss-Hopkins spectral sequence computes 

in terms of i?*M and E^,N. For details on the construction, see [3 [Til HO]- 
We are interested in the case where both A and E are the Eilenberg-Maclane 
spectrum H¥p. In this section, we describe the E2 term of this spectral se- 
quence and identify it algebraically as the left derived functors of derivations of 
simplicial algebras over an operad. 

Let Modjjf^ denote the model category of i?Fp-modules. Let denote the 
i?oo commutative operad in spaces: each space ^(m) is a contractible, free Em- 
space. Define Algj:^|:^ := Alg^ (Mod^j^^ ) to be the category of algebras over the 

commutative operad in i/Fp-modules. There is a Quillen adjunction: 

Mod^j^ Alg^j^ 

with right adjoint the forgetful functor and left adjoint the free commuta- 

tive algebra functor. The model category structure on Alg^j is induced by the 
model category structure on Alg§ by identifying Alg^|; with the under category 

H¥p I Algg. The model category structure on Algg is induced by the model cat- 
egory structure on a good model for spectra. One may take the model category 
structure on spectra of §- modules in [7], or one can take the positive projective 
model category structure on symmetric spectra |13| . The model structure on 
Alg^ip: is determined by the fibrations and weak equivalences, which are the 
maps that are fibrations and weak equivalences on the underlying category of 
spectra. 

In the homotopy category HoMod^jj , let ^ denote the class of projectives 

given by the finite cell iJFp-modules. This is the smallest class of spectra has 
the following properties: 

• H¥„ e ^ 
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• ^ is closed under suspension and desuspension 

• is closed under finite wedges 

• For all P G and all X G Mod^j , the Kiinneth map 

[P,X]^Modf^{Tr,P,7T,X) 

is an isomorphism. 

Note that this is equivalent to the class of finite coproducts of suspensions and 
desuspensions of H¥p. This allows us to define the .^-projective model category 
structure on sMod^jp; [3l [11] . We say that a map X, Y, in sMod^jp; is 

• a ^-weak equivalence if [P, X,] [P, Y,] is a weak equivalence of simpli- 
cial Fp-modules for all P G 

• a ^-fibration if it is a Reedy fibration and [P, [P,Y»] is surjective 
for aU F G ^. 

• a ,!3^-cofibration if it has the left lifting property with respect to all 3^- 
fibrations that are also ,^3^-weak equivalences. 

This model structure is cofibrantly generated; see [11]. Since the ^-projective 
model structure on sMod^p is cofibrantly generated, we obtain a cofibrantly 
generated model structure on sAlg^jp; , which we also call the ,^-projective 
model category structure, whose weak equivalences and fibrations are those that 
are ^-weak equivalences and iF-fibrations on the underlying category sMod^j 

m- 

Lemma 5.1 ([HJ Proposition 1.4.11]). There exist functorial cofibrant replace- 
ments p : P{Xt)—f'Xt in the category of simplicial (commutative) H¥p-algebras 
such that the degeneracy diagram of P{X,) has the form G(Z»), where Z» is 
free as a degeneracy diagram, and each Z„ is a wedge of finite cell H¥p-module 
spectra. 

We can now describe the Goerss-Hopkins spectral sequence. 

Theorem 5.2 ([8] Theorem 4.3]). Given A and B in Alg^jp; , and a map (p : 

A B, there is a totalization spectral sequence with E2 term 

:=^%t(Alg^P^(P(A),S),0op) =^7r,_,(Alg^P^(A,B),0). 

Proof. Given the standard converges hypotheses, this spectral sequence con- 
verges to 

7rt_,Tot(sAlg^w (P(A),P)). 
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The first thing to check is the equivalence of this space to the space we are 
interested in: 

Tot(Alg^j^(P(A),S) ^ Nat(A%sAlg^j^(P(A),S)) 
:^sAlg^j^(P(A),i?^*) 

-AlgHF,(Ai?)- 

For proof of the standard technical hypotheses guaranteeing the converges of 
this spectral sequence, see [5]. □ 

5.1 Identification of the E2 term 

Let A and B be iJFp-algebras. Fix an algebra map ip : A ^ B. Note that the 
E2 term of the spectral sequence is given by Tr^TTtAlg^jp {P{A),B). We begin 
by analyzing 7rtAlg^|; {P{A),B). There is a Hurewicz-type homomorphism: 

( Alg^F^ {A,B);ip)^ ^0 Alg^j^ {A, B^" ) 

= Berjj^{A,,n'B,). 

We show this map is an isomorphism if A = ^(Z), which will give us the desired 
identification when we replace A by P{A) = ^{Z,). 

Let A = ff{Z). Fix an 7?Fp-algebra map ip : ff{Z) B as the basepoint. 
There is an induced 7?Fp-module map Lp' : Z ^ €^{Z) B. 

We begin by analyzing 

7rtAlg^j^(^(Z), B) - TTtModj^j^iZ, B) 

where the basepoint for the space of i/Fp— module maps is given by p' . The 
homotopy groups of the space of module maps can be thought of as 

^o^+(5SMod^j^(Z,B)). 

Observe that while the category Alg^p is not natiually pointed, the cate- 
gory Mod^ip is. Thus the mapping space Modj:^|; (Z, B) has a natural basepoint 
given by t&e zero map. Thus, while we view the pointed space as an object 

Map^j^(Z,B) 

in the category of pointed spaces, it is naturally an object in the category 5° | 
of spaces under 5°. Here we think of 5'" as two points and 1. The point 
maps to the zero map 0, while the point 1 maps to our original point p' . Since 
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forgetting a basepoint is right adjoint to adding a disjoint basepoint, we have 
an equivalence: 

7ro(* i ^)(5*,Mod^F^(Z,S)) =^o(^" i ^)(5;,Mod^j^(Z,S)). 

The category Mod^j is tensored and cotensored over 3^, thus we have the 
following equivalences: 

^o(^" i ^)(5^,Mod^j^(Z,i3)) =^oMod50«^^^f^(5^®^,S) 

= ^oMod^P^^5so(^,S^+) 

Here Z is an i/Fj,— module over B via the map ip' , while is via the map of 
spaces 5° 5^ sending to + and 1 to the natural basepoint 1 in 5*. Observe 

that since B is actually an HFp— algebra, so is B +. Now we can identify this 
term as 

TToModjj^^^gso {Z,B^+) = Modj^^5^(7r,Z,7r,B^+). 

Since B + is naturally an _ffFp— algebra, its homotopy is naturally the un- 
stable ^—algebra. B*{S*) = B,[x_t]/(a;?.(). The algebra structure is given by 
the product in the cohomology theory B*. Let {n,m) and {n',m') be elements 
in © then 

(n, m) ■ (n', to') = {nn , nm' + n'm) 

since toto' = as there are no higher cohomology groups. Thus we might 
more appropriately write this algebra as the square-zero extension B* k 
Using the left adjoint to the forgetful functor from U3§ to Modp we have an 
identification 

Modf ^^g^{n,Z,B, IX ^ Alg,j^^g.{E^i7T,Z), N* ix n'N*), 

proving the map in the Hurewicz type homomorphism is in fact an isomorphism. 

By Lemma n^P{A) = ix^Gi^Z) = E.^{'n:^Z). By the previous remark, 
we see that: 

^tA\g^^^{P{A),B) - 7r,Alg^j^(^(Z.),i3) - Der^;^(^,€?(Z.), 17*5,). (13) 

Observe that 7r*^(Z,) ^ A* is a cofibrant simplicial resolution of A, by level- 
wise free unstable ^-algebras. Taking tt* of the cosimplicial complex we 
obtain the desired identification of the E2 term as the right derived functors of 
derivations of unstable ^ algebras. 

Proposition 5.3. The E2 term of the Goerss-Hopkins spectral sequence can be 
identified as 

7T'7TtAlgj,^JA,B) = D'^^iA,,n'B,) t>0 
^ Alg^^{H¥lx, HflY) s = t = 0. 
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Given a pointed, p-complete, nilpotent space X, and a nilpotent space Y, we 
are interested in computing the space Alg^p {H¥p ^ , HF^ ^ ) . The of the 
description of the Goerss-Hopkins spectral sequence computing the homotopy 
groups of this spaces simpHfies. 

Proposition 5.4. Given spaces X and Y , the Goerss-Hopkins spectral sequence 
computing the homotopy groups of iJj{X) has E2 term given by: 

^2'* =Kw/h¥;y(hK^^ ^'H%Y) t > 

£^2'° =Aig^s(iJF;x,OT;y) 

abutting to 

^*_,(Alg^j^(OTf ''+,HFp°°''+)). 



6 Comparing cosimplicial spaces 

Recall that we have the map ip from ([T]). In particular, ip induces a map of 
cosimplicial spaces: 

,^iY,¥;+\X)) ^ Alg^j^(7JFf ^''''''^+,HFf +)). (14) 

The goal is to prove that these two cosimplicial spaces are weakly equivalent. 
Thus after applying Tr^TTt to this map, we will obtain an isomorphism between 
the E2 term of the unstable Adams spectral sequence and the Goerss-Hopkins 
spectral sequence. 



Lemma 6.1. The map 



is a ^-weak equivalence in sAlg^|: . 
Proof. Recall that 

is a ,^-weak equivalence if 

is a weak equivalence for all P — ^{Z), where Z is a finite cell i/Fp-module. 
Since this is the same as saying 

Modp^(7r,P,7r,i7Fp°°''*^'^^'+) ^ Mod^^ (tt^P, 7r,i?Fp°°^^ ) 
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is a weak equivalence of simplicial abelian groups for all P in and moreover 
^T^,P is projective as an Fp-module, it suffices to check that 



is a weak equivalence of simplicial abelian groups. But asking whether X — > 
F*+^(X) is an H¥p equivalence is asking whether ¥p{X) F'+^(X) is a weak 
equivalence. This follows since there is an extra degeneracy giving rise to a 



Write W, W for the simplicial resolution (I15p . For each n we obtain a 
functorial simplicial J^-resolution P{Wn) Wn- Thus we obtain a bisimplicial 
object P{W,). 

There is an injective model category structure on bisimplicial iJFj,- algebras 
[HI Proposition A. 2. 8. 2] so that a map A„ B„ is: 

• a cofibration if An, B„, is a ^-cofibration for all n, 

• a weak equivalence if — > -B„, is a ,!^-equivalence for all n, 

• and fibrations are determined. 

Call this model category structure the injective—,^ model structure. The idea 
is that in the vertical simplicial direction, the cofibrations and weak equivalences 
are determined levelwise. 

Lemma 6.2. In the injective— model structure, P{W,) is cofibrant, and 
P{Wt) Wt is a weak equivalence, where is viewed as a vertically constant 
bisimplicial HVp-algehra. 

Proof. This follows since we need only check that levelwise that P{Wn) is 0^- 
cofibrant and PiWn) Wn is a ^-weak equivalence, which is true by con- 
struction. □ 

Define W, := diag(P(W^.)). 

Lemma 6.3. The diagonal object W, is 3^-cofibrant, and W, — > is a S^- 

weak equivalence. 

Proof. The proof is obtained by dualizing the proof found in [Sj Lemmas 6.9 



H¥;¥;+\x) 




contracting homotopy; see for example [il I12j. 



□ 



and 6.10]. 



□ 



We can compose the map (fT4|) with the edge map 



Alg^F^(W^.,i7Fp^''+)) A\g^^^{PiW.),H¥p^'^^)) 
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and we obtain a diagram of cosimplicial spaces: 

^iY,¥;+\X)) >diagAlg^j^(P(W-.),^^p°°''+)) (16) 



Alg^j^(P(ifF^°°''^),i/Ff ^^)). 

The goal is to prove that when X and Y are of finite type, these maps are all 
equivalences. 

Before we get to the main result of this section, we take a moment to resolve 
homotopy groups of the spectra W„ as a colimit of free unstable ,^-algebras 
over Fp. Define 

W^_i :=i?Fp°°''+. 

The proof of Proposition 12.71 applied to the spectra in our simplicial resolution 
gives rise to cofiber sequences: 

for each n > 0. 

Proposition 6.4. The totalization spectral sequence 

7T^7:-ntsAlg^^^{P{W,),H¥^^''^) =^ ^"+^-^tsAlg^r^(W., 
collapses, and induces an isomorphism 

7T'7T\tsA\g^^^{P{W,), i?Fp°°''+) ^^%tsAlg^p^(W., i7Fp°°''+) 

Proof. Since W, is cofibrant, and its realization is weakly equivalent W , the right 
hand side is the E2 term of the Goerss-Hopkins spectral sequence in Proposition 
15.41 Observe that for each n and t > 0, the left hand side can be identified as 

^%"^tsAlg^F^(P(l¥„),^Fp°°''+) - 7rW^^^j^^.y7r,Wn,n'H¥;Y). 

Since 7r,VF„ is isomorphic to E,^Q{TT^:Wn-i), we can apply Theorem l3.2l The 
consequence of this theorem is that: 

K^/Hw;Y(-*w-^Hr-'Y) = o 

if u ^ 0, and 

Kw/HF;Y(''*^n,H¥l''Y) = D'u^/HF;Y{^*Wn-i,n'H¥;Y). 

□ 
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Proposition 6.5. The map k : W, — *■ W, induces isomorphisms 

TT^TTt ( Alg^p^ {W„H¥^°°''+); ^) > n'TTt ( Alg^j^ (W„ HW^^"^^); k o ^) . 

Proof. The proof of Proposition 16.41 exhibits an isomorphism 

The collapse of the spectral sequence in Proposition 16.41 gives an isomorphism 



The composition yields the desired isomorphism. The fact that it is coming 
from the map W, W follows from the fact that the two isomorphisms are 
induced by maps in the diagram of bisimplicial TJFp-algebras: 

PiW,)< ^ w. 



w,. 

In particular, by the two out of three property, the map W, —>■ W, is an 
injective ^-weak equivalence of Constance bisimplicial spectra, and thus is a 
weak equivalence of simplicial spectra. Thus the map is a ,!3^-weak equivalence 
out of a ^-cofibrant object. □ 

Theorem 6.6. When X and Y are finite type, nilpotent spaces, the diagram 
Hid]) is a diagram of weak equivalence of cosimplicial spaces. Moreover, these 
maps induce weak equivalences 

^(y, Xp) > TotAlg^p (W., i/Fp"''^) 



Alg^j^(iJFp \H¥^ +). 



Proof. Consider the map 



^%t^(y,F;+i(X)) ^ 7r%*Alg^j^(M^.,i/Fp°°''+ 



From Proposition 16. 5[ we know that the map 

^VtAlg^j TrVtAlg^j (M?.,iJFp°°'^+^ 



23 



is an isomorphism. Furthermore, we know that the map 

is an isomorphism when X and Y are of finite type since both sides can be 
identified as derived functors of derivations of unstable ^-algebras over HV^Y . 
Similarly, Proposition [63] exhibits an isomorphism: 

7r^7r,Alg(W?.,i/F^°°''+) ^ ^%,Alg(P(i/Fp°''''+), i/Fp°°''+). 

Thus by [2], since there is an isomorphism of the E2 terms of these spec- 
tral sequences, there is an induced weak equivalence on the total spaces in the 
diagram (fTG]) . 

In particular, by Lemma 16.31 the map W, ^ is a ,!^-weak equivalence, 
and W, is ^-cofibrant. Given the functorial cofibrant replacement P{W) of 
W guaranteed by Proposition 15.11 P{W) ^ W \s a. trivial ^-fibration. Thus 
model category theory guarantees a equivalence w : W, P{W) 

between cofibrant objects. Thus the associated cosimplicial mapping spaces can 
be naturally identified. □ 

Remark: This give an alternate proof of Mandell's theorem (Theorem II. ip . 
However, the key computations are the same as in his original proof. 

Corollary 6.7. When X and Y are finite type, nilpotent spaces, the map 

^iY,¥'/\X)) ^ Alg^j^(ffFf ^*^'^''^+,i/Ff 

induces and isomorphism between the unstable Adams spectral sequence and the 
Goerss-Hopkins spectral sequence. 

Proof. Theorem 16.61 exhibits an isomorphism when applying tt^'ttj to both of 
these cosimplicial spaces. Since 7r*7rt=5^(y,F*+^(X)) can be identified as the E2 
term of the unstable Adams spectral sequence, all that is left is to identify 

TT^, Alg^j^(i/Ff^*"^(^)\OTf 

as the i?2-term of the Goerss-Hopkins spectral sequence. 
Proposition 16.51 exhibits an isomorphism 

^^TT, Alg^j^(iJF^°°^"'^''^+,HF^°°''^) -TT^t Alg^^^(W^.,HF^"''+). 

By Lemma [6.31 the map W, — > is a ,^-weak equivalence, and W, is 
cofibrant. Given the functorial cofibrant replacement P(W) of W guaranteed 
by Proposition 15. 11 P{W) — > is a trivial ,^-fibration. Thus model category 
theory guarantees a ^-weak equivalence w : W, P{W) between cofibrant 
objects. Thus the associated cosimplicial mapping spaces can be naturally iden- 
tified. In particular, applying 7r*7rt of either space can be naturally identified as 
the E2 term of the Goerss-Hopkins spectral sequence. 

Thus Proposition 16.51 truly exhibits an isomorphism between the unstable 
Adams spectral sequence and the Goerss-Hopkins spectral sequence. □ 
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